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Abstract-Partially-saturated porous media exhibit complex behavior including plastic distortion,
irreversible crushing of pores, and dilatancy. Pressure produced by compression of the pore fluid
has a strong influence on these phenomena and greatly alters the response observed in the wet
solid from that observed in the dry solid. This paper describes these phenomena ~ithin the
framework of a theory for immiscible mixtures. It shows how a material representation originally
derived for the hydrostatic compaction of a dry solid can be generalized to wet solids subjected to
both distortional and volumetric deformation. Results of strcss-wave calculations are compared to
data obtained from a field tcst in which high explosive was detonated in a formation of partially
saturated ashfall tuff.

1. INTRODUCTION

The compressive response of a porous solid, either partially or totally saturated with a
fluid, poses an interesting and formidable problem in the constitutive characterization of
mixtures, Rock saturated with water is a particular example which has received wide
attention. The work of Terzaghi[l] is a classical example of an early attempt to account
for the effects of fluid pressure acting within the pores of a rock matrix. In this case an
effective stress for the solid was evaluated by subtracting the pore pressure from the total
pressure applied to the rock-water mixture. Thus it was supposed that the pore pressure
aids the rock matrix in supporting the total load and correspondingly reduces the effective
load on the matrix.

Within the framework ofmixture theory, Terzaghi's effective-stress principle constitutes
a mixing rule linking together the deformations and loads intrinsic to each of the
constituents. Ideally, mixing rules are used to quantify the particular microstructure existing
in the mixture. For example, they might account for the differences between two types of
rock, each composed of the same mineral, one containing spherical pores and the other
containing penny-shaped cracks. The process by which constitutive principles for simple
continua are established is difficult enough; however, the additional .complication of
determining mixing rules for mixture continua has severely limited solutions to practical
problems for fluid-saturated rock in particular and for structured mixtures in general[2].

Motivated by the practical importance of this problem, several authors have elaborated
and improved upon Terzaghi's original efforts. Biot and Willis[3] and later Nur and
Byerlee[4] proposed a modification to the effective stress rule. Nur and Byerlee's paper
clearly identifies the problem inherent with Terzaghi's original rule. They point out that
the kinematics of the deformation of the solid matrix involves both a gross motion of the
solid matrix and a local motion associated with changes in the pore volume. They argue
that if the intrinsic pressures of the solid and the fluid are increased an equal amount, the
fraction of the total volume occupied by the solid will not change. This observation gives
rise to a new mixing rule where only a fraction of the pore pressure is subtracted from the
total pressure to arrive at the effective pressure on the solid. The fraction is given by the
expression (l - KIK.) where K and K. represent the bulk moduli of the dry porous solid
and the fully compacted or non-porous solid. Most recently Carroll and Katsube[5] have
extended this idea to more complex kinematics associated with anisotropic elastic materials.

t This work was performed at Sandia National Laboratories and supported by the U.S. Department of
Energy under contract No. DE-AC04-76DPOO789.
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The work of Biot and Willis was motivated by an earlier work of Biot[6], wherein
he did not include the kinematics necessary to arrive at the modification of Terzaghi's
effective stress rule. In that paper Biot assumed that the effective stress in the solid was a
function of the gross deformation of the solid and not a function of the volume fraction
of the solid. Some years later Bedford and Drumheller[7] proposed a related theory
wherein this expanded functional dependence was included. In this paper they demonstrated
the relationship of their work to Biot's earlier theory. In a still later work Bedford and
Stern[8] extended this work to sediments containing both gases and liquids.

The approach adopted by Bedford and Drumheller was to study this problem within
the framework of the continuum theory of mixtures. In particular they used a theory
specialized to an immiscible mixture; that is, a mixture with internal microstructure, and
one where the intrinsic properties of the constituents are still identifiable[2,9]. Other
authors have also adopted this type of approach. In earlier works, Morland[IO], Garg[11],
and Garg and Nur[12] proposed a model for a fluid-saturated porous solid based on a
more general mixture theory not specialized to immiscible mixtures. This mixture theory
was modified to include the intrinsic behaviors for each of the constituents. The partial
mass densities and partial stresses appearing in the mixture continuum equations were
related to the intrinsic behavior through a set of constitutive equations for the volume
fractions of the constituents. Thus the mixing rules were expressed as relations linking the
volume fractions of the constituents to other kinematical quantities in the theory.

In this paper the behavior of a rock-water system will be studied using the immiscible
mixture theory proposed by Drumheller and Bedford[9]. This theoretical framework is
useful for two important reasons. First, the theory has been specialized to immiscible
mixtures. Thus the intrinsic properties of the constituents such as the mass densities are
readily available in the theory. Second, the thermodynamics of the mixture are clearly
defined including the energy balance equations and the implications of the second law of
thermodynamics.

The problem under consideration requires the computation of shock waves in a
partially-saturated tuff. The shock waves are generated by the detonation of a spherical
charge of high explosive buried in the tuff. This charge contains about 900 kg of material
and produces pressures in the tuff of the order of lOGPa. Effects of the detonation range
radially outward for about 20 m. The field experiment was performed under the direction
of Smith[13]. Numerous accelerometers and stress gages recorded the shock wave as it
propagated through the tuff. Pressures and displacements within the explosively-formed
underground cavity were also measured.

While the early-time response of the wet tuff requires the computation of large
amplitude stress waves, the late-time response, which determines the final cavity radius, is
dominated by low pressures of the order of the strength of the tuff (in the range of 0.01
0.1 GPa). Consequently both high-pressure effects dominated by shock-heating phenomena
and low-pressure effects dominated by material-strength phenomena are present in this
problem. Varying amounts of pore collapse occur depending upon the distance from the
detonation site, and after the detonation the final saturation levels in the tuff vary.

This experiment was performed primarily to investigate the formation of a stress cage.
This is an annular region about the detonation cavity containing residual compressive
stresses. These radial and hoop stresses are thought to form because of the divergent nature
of the spherical shock waves in combination with large plastic deformations. One of the
purposes of the calculations presented here is to study the formation of the stress cage and
to predict the residual pressure field in the pore fluid.

Since much of this problem is dominated by the shock wave response of the wet tuff,
the theoretical development will be directed towards the incorporation of conventional
methods of shock wave analysis for single continua into a multiple or mixture continuum
framework. The intrinsic response of tuff and water will be formulated with the Mie
Griineisen model which historically has proven very useful[14]. Also, the mixing rule for
the mechanical coupling between the constituents will be extracted from previous shock
wave studies.
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To the reader familiar with shock wave work this last statement may be somewhat
surprising, since mixing rules apparently have not received significant attention in this
field. However, as shown here, an earlier modeling study on dry porous materials can be
extended to produce a mixing rule appropriate to the current problem. This is the P-(f.
model of Herrmann[lS]. In Herrmann's formulation the volume fraction of the solid is
linked through the P-(f. function to the intrinsic pressure in the solid. If the argument of
this function is changed from the intrinsic pressure in the solid to the pressure difference
between the solid and the pore fluid, it will be shown that the P-rt function also describes
the behavior of a wet solid. This conclusion, which is an extension of the original
observation of Nur and Byerlee, will be derived from the basic principles connected to the
first and second law of thermodynamics. Furthermore, these principles will be used to
extend the P-a. function to include distortional effects which manifest themselves through
the phenomena of dilatancy.

In Sections 2 and 3 a theory for a partially-saturated porous solid is derived and
specialized to an ashfall tuff containing water. Section 4 describes the field experiment
where this material was subjected to a dynamic compaction generated by a buried charge
ofTNT. This section also contains a set of material parameters appropriate to this problem.
Section 5 describes the numerical methods used to model this experiment, and Section 6
discusses the results of the calculation and compares them to the test data.

2. THEORY

To anyone who has read some part of the literature on mixture theory, it is apparent
these papers can be categorized into two broad classes, applications papers and theoretical
expositions. Both groups serve a useful purpose; however, each has its limitations. The
applications papers usually present an ad hoc theory designed to solve a specific problem.
They are limited in their scope to that problem alone and may prove insufficient when
applied to other problems. For example, many are limited to one-dimensional problems
and cannot easily be generalized to two- or three-dimensional problems. At the other
extreme, the theoretical expositions are usually quite complicated and are often difficult
to relate to practical applications.

Until recently, this split was natural since the general principles of mixture theory
were in a state of flux and anyone wishing to actually solve a problem had to turn to other
means. Fortunately this situation has changed in the past few years and the continuum
mechanics approach to mixture theory offers a useful and powerful tool for solving a
variety of practical problems. The key to this change is a specialization of general mixture
theory to problems dealing with immiscible mixtures; that is, mixtures which appear
heterogeneous on some microscale. Dusty gases, bubbly liquids and fluid-saturated porous
solids are good examples of these types of mixtures.

This specialization is an important step allowing for the introduction of the concept
of intrinsic material properties. Thus in a mixture of a fluid and a solid, the constitutive
properties of the pure fluid and the pure solid can be used to construct constitutive
properties for the solid-fluid mixture. The resulting theory contains not only the partial
mass density of each constituent but also its intrinsic mass density.

Theories which result from this type of approach still require specification of mixing
rules linking the constitutive behaviors of each constituent together; however, in many
cases simple mixing rules are sufficient for a wide variety of problems. Quite useful theories
can be derived by assuming such simple mixing rules as pressure and temperature
equilibrium between the constituents.

In cases requiring more complex mixing rules, the necessary information may already
be available from previous studies. The present work is a good example. This work will
require a mixing rule for a porous solid and a fluid. Over the range of pressures to be
considered, an equal-pressure mixing rule is not adequate since the solid has sufficient
strength to support a load and not crush completely even when no pore fluid is present.



214 D S. DRUMHELLER

Previous studies on dry porous materials have resulted in a variety of theories to describe
this crush-up behavior. One notable theory is the P-a. model of Herrmann[15]. It will be
shown that this model, originally derived for a dry solid, is also a mixing rule describing
the behavior of the solid under all saturation conditions.

With the exception of the constitutive equations, the theory necessary to describe the
present problem is given in Ref. [9J which contains a detailed description of the kinematics
of the problem and a development of the balance equations of mass, momentum and
energy. This work also contains the important development of the constitutive restrictions
arising from the entropy inequality of the second law of thermodynamics. These results
are far more complex than required here, since they apply to problems with material
diffusion and chemical reactions. It will be assumed here that the porous solid and the
pore fluid have identical motions and do not exchange mass. This simplification greatly
facilitates the derivation of the balance equations. Because of this, and for the sake of
completeness and clarity, the balance equations will be derived in this work. Not all of the
points of the derivation will be covered in detail. The reader is advised to consult Ref. [9J
for these details.

The theoretical development will be presented out of the traditional order in that the
constitutive description will be introduced before the derivation of the balance equations
for momentum and energy. This is done to help motivate the definitions of many of the
terms appearing in these balance equations. However, the derivation will still begin with
a description of the kinematics of the problem.

Because material diffusion; that is, relative motion between the constituents, will not
be considered, the mixture motion can be described by a single vector function. The original
or reference position of an element of the mixture is denoted by the vector Xi> where the
index i assumes integer values of I, 2 and 3. The current position of this element is denoted
by Xi' If the parameter t represents time, then

(1)

The velocity and acceleration of this element of the mixture are given as

a
(2)Vi = at xdXj, t)

and

a2

(3)a. = at2 xdXj, t).

The Jacobian of the deformation of this element is given as

(4)

Another useful definition, the velocity gradient, is

(5)

For convenience the eth constituent of the mixture is referred to as C~. The partial
mass density of C( is denoted by p~. Within an elemental volume of the mixture, this is
the ratio of the mass of C~ over the total volume. The intrinsic mass density of C~ is
denoted by p~. This is the ratio of the mass of C~ over the portion of the volume occupied
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by C(. The partial mass density and the intrinsic mass density are related through the
volume fraction 4>(

(6)

The introduction of the intrinsic mass density is central to this theory. For example,
consider the point that the pressure in the pore fluid is most naturally written as a function
of the intrinsic and not the partial mass density.

Each constituent obeys a balance of mass relation expressed as (see Ref. [9])

(7)

where the zero subscript denotes a reference value. This relation can also be expressed in
an equivalent differential form as

(8)

where summation on repeated indices is implied and where the material derivative of P~

is given by

. op~ op~
P~=~+v,~,

ot 'ox;

The mixture mass density P is related to the constituent mass densities by the relation

(9)

where the summation sign implies a summation over all C(. By summing eqn (7) over all
C~ and using eqn (9), the balance of mass relation for the mixture is found to be

pJ = Po. (to)

Obviously it is important to obtain mixture balance laws which are identical to the
balance laws for a single continuum. In part, the motivation for the definition of p in eqn
(9) is to ensure the form of eqn (to). Similar definitions of mixture stresses, energy, etc. are
used to ensure the recovery of the single-continuum balance laws for momentum and
energy.

Another useful definition is the mass fraction Y~ of C( given by

(11)

Here eqns (7) and (10) have been used to show that the y~s are constants due to the
omission of relative motion between the C~s.

The final point to be discussed with regard to the kinematics of this problem is the
saturation condition on the volume fractions

(12)

We will consider this mixture to be composed of three constituents: porous solid, pore
fluid, and void. Consequently, when the solid is only partially saturated with fluid, the
volume fraction of the void will be nonzero.
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Before the balance laws for momentum can be presented, the types of forces resulting
in motion within the mixture must be defined. It is assumed the pore fluid can only exert
a pressure. The constitutive relation for this constituent will relate the pressure in the fluid
to its intrinsic mass density and its temperature. The forces present in the porous solid,
however, are more complex.

It was pointed out by Bedford and Drumheller[7] that two types of loads exist in the
porous solid. Obviously, the solid must interact through one type of load with the pore
fluid. However, this is not the only load in the solid, since when the pore fluid is absent,
the pores in the solid do not automatically collapse. The solid still retains the ability to
support a configurational load which ensures the existence of a finite amount of porosity
in the dry solid provided that the magnitudes of the applied loads are not too high.
Contrast this behavior with that of the fluid, if the solid is extracted from the mixture.
Voids left behind by the removal of the solid will be filled immediately upon loading,
because the fluid cannot support a similar configurational load.

As an additional example of the behavior of the solid, consider the situation when the
solid fills a rigid container. If the pore pressure were changed by pumping additional fluid
into the solid, then the intrinsic mass density of the solid would change but the partial
mass density would remain fixed. Other experiments could be performed to change the
partial mass density but not the intrinsic mass density. Entirely different loads would have
to be used to achieve each of these situations.

These examples illustrate that the response of the solid must be represented by several
types of loads, each of which act through their complementary motions, in this case local
motions associated with changes in the intrinsic mass density and the gross motion, eqn
(I). For single constituent continua when a void is not present, the intrinsic mass density
is kinematically coupled to the motion through the balance of mass relation and this
separation of the loads is not necessary; however, when a void or another constituent is
present this coupling does not exist.

The equilibrium response of a material can be described by a thermodynamic potentIal
function. In this work two potential functions will be defined; one for the solid and one
for the pore fluid. As an introduction to these definitions, some points are worth noting
about potential functions for conventional continua.

The response of a fluid can be described by the expression for the Helmholtz free
energy 'fir = 'Pr(Pr, Or) where Or is the absolute temperature. This energy function does not
depend on the distortion of the material, and therefore the fluid will not support shear
loads at equilibrium. For a solid, the potential function is more complicated; for example,
'fl. = 'Psb(P.,O.) + 'P.iA,O.). In this case the deformation of the material is divided into
spherical and distortional components. The measure of the spherical component of
deformation is the mass density P., and the measure of the distortional, or shearing.
component is the magnitude of the deviator strain represented by A. Consequently the
first term in this expression represents the mean stress or pressure response, and the second
term represents the deviatoric or shearing response.

Since the spherical and distortional energies have been specified through separate
additive terms, this potential function is not the most general representation of a solid.
This separation results in an equilibrium response in which the pressure and the shear
stresses are uncoupled; that is, pure distortion does not result in a change in pressure, and
compression does not alter the shear stresses or the shear modulus. This is a common
assumption in many theories for solids and will be adopted here for the intrinsic response
of the mineral forming the matrix of the porous solid.

The required potential functions for the mixture constituents are modifications of
these relations. The required function for the pore fluid is easily obtained by distinguishing
between its partial mass density and its intrinsic mass density so that

(13)

This implies that the behavior of the fluid is not altered by its introduction into the
pores of the solid.
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In contrast, the solid behavior is altered by the presence of the pores. The energy state
of the solid will depend on the volume fraction of the solid as well as the intrinsic mass
density. The philosophy in this case is tl' minimize the complexity of the alteration of this
energy function while retaining sufficient generality to model the physical phenomena.
Thus to model the effect of distention on the bulk or spherical response of the solid, an
arbitrary function of the volume fraction of the solid will be added to \}Isb' Similarly to
model the effect of distention on the distortional response, an arbitrary function of the
volume fraction will be multiplied with \}lSI' The resulting expression for the distended
solid is

(14)

Because large amounts of plastic deformation wiIJ occur in the solid, the volume
fraction of the solid has been separated into an elastic and a plastic part. The elastic part
of the volume fraction of the solid is denoted by ;Ps' Similarly A is related to the elastic
distortion associated with the motion, eqn (l), as follows: when elastic motions occur the
elastic strain is defined by the strain-rate

(15)

given that the deviator components of the elastic strain are

(16)

the second invariant of this tensor is

(17)

The free energy of the fluid is a function of the intrinsic mass density and the
temperature alone. Conventional arguments of thermodynamics can be used to show that
the fluid pressure Pr is related to the partial derivative of'l'r with respect to Pro and the
entropy of the fluid Sr is related to the partial derivative with respect to Or. It will be shown
that the partial derivatives of eqn (14) are also related to the pressure Ps which interacts
with the pore fluid, the configurational stress TiJ which prevents the pores from closing in
the absence of pore fluid, and the entropy Ss' It is also helpful to point out at this time
that introduction of the function l<;Ps) will result in the phenomena of dilatancy in the
solid, and introduction of the function F(;Ps) is equivalent to inclusion of a P-(f. curve for
the solid[15].

Since each of the loads is related to a partial derivative of the appropriate free energy
function, each of the loads must do work on the mixture when its complementary variable
is varied. The balance of linear momentum for this mixture can be derived from a form of
Hamilton's variational principle in which the virtual work ofeach of the loads is considered.
The appropriate expression for the virtual work 6W is

1{ o(6xi) bps 6Pr }
6W = -TiJ-J:l- - rPsPs-::- - rPrPr-::- + pI/IX, dV.

v vXj Ps Pr
(18)

The operator 6 denotes the variation of the function, Ji represents a specific external
body force such as gravity, and V denotes the current volume of the mixture. This relation
stipulates that the configurational ~tress Tij does work only when the deformation associated
with the motion Xi changes. It also specifies that the p(s do work only when the intrinsic
mass densities p( change.
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Hamilton's variational principle requirest

where t1 and t2 are arbitrary times, and eqns (7) and (12) are included as constramts
through the use of the Lagrange multipliers ). and jJ.~.

By applying the variational techniques described by Drumheller and Bedford[9], this
relationship can be rewritten as

In the problems of interest <>Xj, <>{>. and bpr are nontrivial and arbitrary quantities.
Thus the Euler-Lagrange conditions require that the coefficients of these quantities
independently be set to zero. Thus

(21 )

(22)

and

(23)

The cases of interest will include a fully-compacted dry solid, a dry solid with void, a
partially-saturated solid, and a fully-saturated solid. Thus ¢s> ¢r or ¢v could be constants.
The appropriate Euler-Lagrange conditions for the associated terms in eqn (20) are:

either b¢s = 0 or

(24)

either b¢f = 0 or

and either b¢v = 0 or

). = o.

(25)

(26)

t As explained in Ref. [9J, use of Hamilton's vanational pnnciple in thIS form does not Imply a conservatIve
force system.
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Examination of the above relations will show that an equivalent set of relations will
satisfy all possible special cases of dry, partially-saturated, and fully-saturated mixtures.
To illustrate this, solve eqns (22)-(25) to obtain

Pr = p. = ).. (27)

In the special case where voids exist; that is, if the solid is only partially-saturated
with fluid, then lJ¢.:;: 0, and eqn (26) holds. Equations (22)-(25) then require
Pr = p. = 0. This is equivalent to requiring eqn (27) to hold with the additional stipulation,
;., =0. Next if void exists in the total absence of fluid, then lJ¢r =0. Equations (22), (24)
and (26) then require p. = 0, and eqn (25) does not apply. Since ¢r =0, eqn (23) requires
J.Lr = 0, and as a result Pr decouples from the system of equations. This is again equivalent
to requiring eqn (27) to hold, and;" =0. In the special case when the solid occupies all of
the volume, eqns (24)-(26) do not apply. The variables p. and;" completely decouple from
the remaining equations, and eqn (27) becomes an extraneous relation. Finally, for tne
fully-saturated solid lJ¢. = 0, and eqn (26) does not apply. Again eqn (27) holds, and;" =I: O.
Therefore, eqn (27) applies to all possible cases provided ;., =0 when void is present.

By using eqns (22), (23) and (27) in eqn (21), the balance of the linear momentum
relation becomes

(28)

This relation has the familiar form of the Terzaghi effective stress theory[l]. However,
in the effective stress theory it is usually assumed that the term 7jj is a function of the
motion alone. This is not the case in the present work where 7jj also depends on the
intrinsic mass density of the solid P•.

The virtual work statement, eqn (18), leads directly to the balance of energy equations
for each C~. By using the approach described by Drumheller and Bedford[9] and by
ignoring heat conduction, the energy balance laws are

and

. Pr .
PrEr = ¢rPr-=- + Prrr + er

Pr

(29)

(30)

where E~ denotes the specific internal energy of C~. The terms r~ and e~ represent the
specific external heat supply and the energy production rate of C~. These two terms denote
energy contributions from outside sources such as electromagnetic radiation and energy
exchange between the constituents due to local temperature- differences. It is required that

Le~ = o. (31)

The specific internal energy of the mixture and the specific external heat supply of the
mixture are defined as

(32)



220

and

D S. DRUMHELLER

(33)

Since by eqn (11) the I'~S are constants, the energy relations, eqns (29) and (30), can be
summed to obtain

. P
pE = 1;/t'ij + ).- + pr

p
(34)

where eqns (6), (7), (12) and (27) have also been used.
The balance laws for mass, momentum and energy are now complete. The next step

is to investigate the implications of the second law of thermodynamics. The production of
entropy, S~, within the mixture is required to satisfy the following inequality:

(35)

This relation will be viewed as a constraint upon the constitutive relations; that is,
the constitutive relations will be specified by a method which guarantees that the inequality
will always be satisfied. The procedure followed in this work is one originally proposed
by Coleman and Noll[16]. The present concern is to produce constitutive relations for the
mixture constituents which are sufficient but not necessary to satisfy inequality (35) while
retaining enough generality for use in the immediate application and in similar applications.

The Helmholtz free energy 'I'~, specific internal energy E~, and the entropy S~ are
connected through the definition

(36)

This expression can be differentiated and substituted into inequality (35). The energy
relations, eqns (29) and (30), can also be solved for the r~s and substituted into inequality
(35). The resulting expression will contain the time derivatives of 'I'~ which can be expressed
in a chain-rule expansion by using eqns (13) and (14). These manipulations produce the
following result:

(37)

This inequality is based only on the constitutive assumptions for the Helmholtz free
energies, eqns (13) and (14). The functional dependence of the remaining constitutive
assumptions must be specified before the analysis can proceed. It will be assumed

Ss = Ss(p" (;'j' Os)

(38)

(39)
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(40)

(41)

(42)

(43)

These statements embody what is called the immiscibility assumption. It is assumed
that the intrinsic loads acting on C( depend only on the intrinsic properties of C(, while
the interactive quantities, in this case e(, depend on the parameters ofall of the constituents.
Two other points should also be noted. First, since Cj is a fluid, its behavior does not
depend on £ij' Second, the configurational stress tensor has been divided into an equilibrium
and a dissipative part. The dissipative component of Tij is included because solutions to
shock phenomena will be required.t It is assumed at equilibrium, when Ps and £ij are zero,
the term T1j is also zero.

Returning to the inequality, the arguments originally presented by Coleman and Noll
can be used to establish additional constraints on these assumptions. It is assumed the
functional forms of the constitutive assumptions must guarantee that the inequality will
always be satisfied. Since O( does not appear in the list of independent variables of the
constitutive assumptions, it can be argued that the coefficients of these terms in the
inequality must be set to zero. Thus

(44)

Similarly, since Pc appears in the third term of inequality (37) and nowhere else

(45)

The stress tensor Tij is assumed to be symmetric. It is convenient to define the
deviatoric components Tij

(46)

t Shock waves are steady waves with extremely rapid rise times. They exist because the non-linear response
of a material causes a compression wave to continue to "shock up" until the dissipative foKes of the material
limit any further sharpeninJ of the wave[17]. In computer codes designed to handle these types of problems,
these dissipative forces are usually lumped into an "artificial.viscosity" term which is proportional to either the
first or second power of the strain rate[18). These terms are designed to have ncaJilible etreets on the solution
at points where shock waves do not exist. For this reason a dissipative term has been included in the expression
for "Iii' This implies the dissipative foKes reside solely in the solid matrix, which is a reasonable approximation
considering the granular nature or the material. The physical intent of this assumption is to approximate a
phenomenon resulting in siwek heating, the production of entropy during passage of a shock wave. In practice
this assumption is used to "stabilize" numerical solutions.
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By using the above results and definitions, the entropy inequality reduces to

1 [1 T. ,I.. P ,I.. -2 O'Plb] Po- e '3 kk - '1'1 I + 'l'sPo y -::-
s Ps Ps

(47)

It is now argued that the inequality is at its minimum value and ,equal to zero
at equilibrium. In the neighborhood ofequilibrium eqn (15) holds and 4Js =;PI' Under these
circumstances the coefficients of elj' 4JI and Ps must be zero. Since by definition Ttj is also
zero at equilibrium

Te'-2 o'l'la,
Ii - p,g oA e'l

I e og of
'3 T kk = - ¢sPsa;. 'I'la - ¢IPS a;.

and

By using these relations, the inequality now reduces to

1 {Te' [1 (CO CO) ., J 1Te (4)0 ;Ps)}8
1

ij '2.;z. I) + .;z.)i - eij - '3 kk ¢s - ¢s

(48)

(49)

(50)

(51 )

This reduced inequality will be satisfied by writing relations for elj' $.. e~, and T1j to
ensure each of the terms in inequality (51) individually satisfies the inequality.

3. CONSTITUTIVE MODEL FOR WET TUFF

Solutions to problems involving large amplitude wave propagation in solids can
normally be accomplished with theories having incomplete thermodynamic descriptions.
For the present problem, the Mie-Griineisen formalism[14] will be used to represent the
intrinsic behavior of the constituents. In this formalism the pressures are written as
functions of the intrinsic mass densities and the specific internal energies. In otber parts
of tbe constitutive equations tbe dependence on thermal quantities will also be minimized.
For example, it has already been assumed that the functions F(;PI) and t<.$.) do not depend
on temperature.
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If the pressure due to the intrinsic bulk response of the solid is denoted as p.b where

P _ -2 o'fl.b
sb - P. OP. (52)

the Mie-Griineisen approximations to the intrinsic material response of the solid, eqn (52),
and the fluid, eqn (45), are

and

where

Pr = ProctoYJr:z [1 -f r( ~r - I)J + frPrEr
(1 - Srlle> 2 Pro

(53)

(54)

(55)

The parameters c~o, s~ and f~ are specified constants which are intrinsic properties of
the C~.

By using eqn (52), eqn (50) can be rewritten to obtain

of = or _ p.b - p. _ lIJ og
:lY" - <T - T "ar'OCjJ. P. UCjJ.

When inverted, this relation becomes

where

(56)

(57)

(58)

In the work of Herrmann[15], the reciprocal of <P. is called the distention of the solid
and is denoted as 1%. In his work a relation is specified between the intrinsic bulk pressure
and the distention. This relation describes the elastic range of a dry solid and is called the
elastic P-a. function. For a dry porous solid eqn (27) requires p. =O. Under conditions of
hydrostatic compression, the second term in n is a constant, and the elastic part of the
volume fraction of the solid is a function of the intrinsic bulk pressure. Thus eqn (57) is a
generalization of Herrmann's P-a. function and constitutes a mixing rule for the interaction
of the solid and the pore fluid. It applies not only to dry porous solids under hydrostatic
loading conditions, but also to solids containing pore fluids and subject to deviatoric as
well as hydrostatic loads. Most importantly, eqn (57) implies that once the elastic P-a.
function is established for the dry solid under hydrostatic loading conditions, the same function
is valid for all saturation and loading conditions. By noting eqn (27), eqn (57) also supports
Nur and Byerlee's conclusion that under hydrostatic loading conditions the ~, cannot
change unless the pressure difference p.b - Pr is changed.
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In the present work the following form, suggested by Herrmann, will be chosen to
represent eqn (57):

;Psm - ;Ps = (Om - 0) (59)
;Psm - ¢sO Om

where iPsm' Om and n are sPticified constants. This relationship IS assumed to hold
for 0 ~ 0 ~ Om' For 0 > Om, ;p, = O.

The elastic deviatoric response of the solid is given by

and

(61 )

These assumptions also define the deviatoric terms in eqn (58), and give rise to a
dilatant behavior in the solid provided gl "# O. Under these conditions even when the
pressure is held constant a change in A resulting from a distortion of the solid will result
in a change in O. This will produce a change in ;Ps. This coupling of the shear stiffness to
the dilatancy behavior is an important consequence of the entropy inequality. It is included
to ensure compliance with the second law of thermodynamics.

Since from eqns (49) and (50)

(62)

the mechanical description of the elastic response of the mixture is complete. The intrinsic
properties of each of the constituents have been defined, and the mechanical mixing rules,
eqns (59) and (60), have also been defined.

The thermal mixing rule is specified by establishing relations for the terms e~. Since
the present concern is the stress-wave behavior of this mixture which occurs on a rapid
time scale, it is assumed that heat exchange between the constituents can be neglected.
Therefore

e~ = O. (63)

Before proceeding with the description of the inelastic response of the solid, one
additional relation will be noted. If the sound speed in the dry solid is computed as
c: = - o7k.k./oPs evaluated at zero load, then it can be shown that

(CSO)2 = I + ;Psm - ¢so nc;o.
Co Om

(64)

Specification of the remaining response functions of the mixture is keyed to the entropy
inequality. By incorporating the thermal mixing rule, eqn (63), into the inequality, eqn (51),
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and by requiring the remaining terms to separately satisfy the resulting relation, the
following conditions are obtained:

nj [~(Yjj + Y jl) - e:j] ~ 0 (65)

- 1;,t<4>s - $s) ~ 0 (66)

_T~/s ~ 0 (67)
Ps

and

d' (68)Tij(Ylj + Y jl) ~ 0,

The first of these conditions can be simplified by substitution of eqns (48) and (61)

(69)

where it has been assumed

(70)

In the elastic range eqn (15) holds, and eqn (69) is satisfied identically. In the plastic
range eqn (69) can be satisfied by limiting the deviatoric component nj so that

ro'ro' 2 y2
Ij Ij ~ 3" (71)

where y is a specified yield criterion, To enforce this yield condition the nj are kept within
the yield surface by requiring elj = ("I/2XYjj + Y jl) where 0 ~ "I ~ 1. When rrj falls within
the yield surface "I = 1 else the value of "I is adjusted so as to keep nj on the yield surface.

The following expression for Y is chosen when the solid is subjected to compressive
loads; that is, when 1;,,, is negative:

[
(1/3)1;,,, 1: ]

Y =Yo - Yl exp Y2 tPs - Y3(tPs - YJs) •

The YIS are specified constants, When 1;,,, is positive

Y= Yo - Yl'

(72)

(73)

Here it is assumed that the shear strength of the solid matrix is sensitive to the
spherical component of the configurational stress 1;,,,. Equations (27) and (62) show that
r"" is affected by the pore pressure. The degradation of shear strength by pore pressure is
an important phenomenon in fluid saturated porous solids. It is also assumed the solid
matrix exhibits an ability to work harden. To account for this Y is a fun~ion of the plastic
volume fraction tPs - ;Ps'

By substitution of eqn (62), inequality (66) becomes

(74)



10

226

E
c
"'c

D S. DRUMHELLER

1 rl---,-------,

II ~
r ;/j

/ 1

" - ElastIc Response
- - - PlastIc Response

oL--_-L-=-~_~_~_---'
05 <1>.0 ism

CPs

FIg. I. Pore-compactIOn behavior of the solid.

In the elastic range of the solid, this inequality is satisfied identically because 4J. = ct•.
When the plastic volume fraction changes, it must change according to rules which ensure
that inequality (74) is satisfied. As with the elastic deviator strains, the change in the plastic
volume fraction will be controlled by a yield condition. It is required

r. Psb - Ps r.
-Ue ~ ~UI

Ps

where, following the form suggested by Herrmann

(75)

(76)

The parameters Om and Oe are positive constants. It is intended that the same values
for Om be used in this relation and in eqn (59). These conditions hold until <Ps = 1 and
(Psb - Ps)/Ps = Om after which (Psb - p.)/Ps can again increase in magnitude.

These relations are illustrated in Fig. 1 for the situation when the plastic volume
fraction is zero. Equation (59) is labelled the elastic response, and eqn (76) is labelled the
plastic response. When, for example, the value of 0 increases and attempts to move the
material response outside the envelope formed by eqn (76), the plastic volume fraction
changes so as to shift the elastic response curve to the right and contain the elastic response
within the envelope.

The remaining inequalities to be satisfied are given by relations (67) and (68). The
specification of the dissipative stresses to achieve this will be discussed in the section on
numerical methods.

4. THE EXPERIMENT AND PARAMETER SELECTION

To test the utility of the theory derived in the last two sections, results of numerical
wave propagation calculations will be compared to data collected from a field test named
the ONETON experiment. As discussed earlier, this experiment involved the detonation
of a charge of high explosive buried in an ashfall tuff. The reports of Smith[13, 19] give a
complete description of this experiment, and the limited description given here will only
serve to provide continuity to the present work.

The site of the experiment was surveyed extensively. No faults or fractures were found
either before or after the experiment. The structure of the formation was reasonably
isotropic, and originally was believed to be saturated with water to about 95-98% of the
pore volume. The error on the reported saturation level was sufficient to allow for the
possibility of 100% saturation. It is generally believed among the people who fielded this
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experiment that the water content was higher than the average of the reported values. The
saturation level used in these calculations is 98.1 % '

A 907 kg spherical charge of TNT was buried in this formation by first digging a
tunnel access which was closed with grout prior to detonation. Detonation was initiated
at a location labelled the "working point", the geometric center of the charge. Several types
of gages were also placed in bore holes which were then filled with grout. These gages
were of three types, ytterbium piezoresistive-stress gages encased in a fluid cell, fluid-filled
pancake and toadstool stress gages, and piezoresistive accelerometers. These gages measured
radial and hoop stresses as well as radial accelerations following detonation.t A system of
pipes in the access tunnel were also used to measure the residual pressure within the
explosively-formed cavity.

After the test a "mineback" procedure was used to recover and inspect the gages and
to measure the cavity radius. This operation revealed a spherically-symmetric cavity and
the absence of fractures within the surrounding material.

Cored material taken from a variety of bore holes was tested for material properties.
The results of these tests are summarized by Butcher and Chavez[20]. These data were
used to determine the material parameters used for the calculation in this report.

The value of the mixture mass density, as noted earlier, is slightly higher than the
originally reported value of 2003 kgm -3, The value used is

The value of the initial intrinsic mass density of the tuff is

PIO = 2530kgm- 3
•

(77)

(78)

This is also known as the mineral density of the solid. The mass density of the dry
distended tuff is

PIO = 1680kgm- 3

corresponding to a void volume of 34%. The intrinsic mass density of the water is

Pro = 998 kg m- 3.

The intrinsic bulk sound speeds of the mineral and the water are

CIO = 3.2 km s- 1

and

The intrinsic non-linear stiffness coefficients in eqns (53) and (54) are

SI = 1.13

(79)

(80)

(81)

(82)

(83)

nbe accuracy of this type of stress measurement is subject to debate. Smith[J3] addrcsacs this question in
his experimental work; however, no clear answers seem to be available. The presence or the bore hole within the
rock, the type of grout used to fill the hole after emplacement of the pge pack and the method or coupling
the pge within the package to the surrounding grout can strongly affect the performance. GeueraIIy, it is
believed that pges which are oriented to measure normal stresses in the radial direction are much more accurate
than identical &ages which are oriented to measure normal stresses in the hoop direction.

SAS 23:2-1
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Sf = 1.58.

The values of the Griineisen parameter used in these relations are

r. = 0.2

rr = 0.0.

(84)

(85)

(86)

A value of 2.01 km s -1 was reported for the sound speed in the in situ material. This
value was multiplied by the square root of the ratio PolPso to arrive at the sound speed
for the dry distended solid as given in (64). Thus

(87)

It is assumed at acoustic pressures that the presence of the water within the pores
contributes to the mass of the mixture, but does not contribute to the stiffness.

The parameters for the onset and completion ofcrushing of the solid during hydrostatic
loading are

(88)

and

(89)

These values indicate that initially this tuff is quite easily crushed; however, substantial
pressures are required to remove the final amount of porosity in a drained sample.

The value of n in eqn (59) is

n = 2.5. (90)

The shear modulus of the solid is reported to be 3.13 GPa in the in situ material and
10.3 GPa in the fully-compacted material. This modulus is assumed to be constant during
distortion of the solid. Thus

Go = 1003 GPa

go = -1.07

gl = 2.07.

(91)

(92)

(93)

(94)

The shear strength of the solid is reported to range from an in situ value of 8 MPa to
a maximum value of 39 MPa achieved under elevated confining pressures. Thus the
constants for eqn (72) are

Yo = 39MPa (95)
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Yl = 31 MPa.
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(96)

The exponential form of eqn (72) was originally fit to the core data using the term
t'1;..Y2 in the argument of the exponential. The value of the constant used was 3.1 GPa - 1.

This fit represents the behavior of the solid during initial loading of the sample. The effect
of subsequent unloading is not known. There are an infinite number of sets of Y2 and Y3
which will approximate this initial loading behavior; however, since the magnitude of '1;..
will decrease during unloading and the magnitude of cPI - ;PI will not, the unloading
behavior will differ for each choice. Calculations will show that the final radius of the
explosively-formed cavity is sensitive to this choice. The choice used in the work is based
upon this criteria. The assumed values are

and

Y2 = 1.59GPa- 1

Y3 = 112.5.

(97)

(98)

Upon unloading after passage of the initial shock pulse, these parameters will result
in a 25% loss of peak strength in the material at close range to the working point.

S. NUMERICAL METHODS

The structure of this theory consists of a set of balance equations for mass, momentum
and energy, a set of constitutive equations for the intrinsic material behavior, and a set of
mixing rules for the volume fractions and the heat exchange. The mixture balance of mass
and balance of momentum equations, eqns (10) and (28), are identical to their counterparts
for conventional theories of single continua. Because of this structure, the theory can be
incorporated into a conventional wave propagation code. Lagrangian codes are particularly
adaptable to these types of modifications since they do not require specification of new
convection schemes for the additional variables appearing in the constitutive formulation.

The wave propagation code WONDY V[18] can generate solutions to one-dimensional
problems in either plane, cylindrical or spherical coordinates. Its basic architecture consists
of an explicit finite-difference scheme for solving the mass and momentum equations to
obtain new material positions and velocities at a particular material point. This information
is then introduced into the material response subroutine where the constitutive equations
and the energy balance equations are solved. This produces new values for the stresses at
that material point. The process is then repeated for neighboring material points until all
of them have been updated to the new time.

The numerical-methods problem is therefore reduced to generating a solution technique
for the constitutive and energy equations to calculate the required stresses at the new time.
The method chosen is to transform these equations into a set of ordinary differential
equations and use an auxiliary numerical integrator to obtain the required information.
The system is reduced to six equations in the variables cPI' ;PI' EI , E" e;" and e;' where r
and 8 denote the radial and hoop directions in the spherically symmetric problem. Given
that these quantities are known at a particular time, the auxiliary integrator requires the
values of their time derivatives.

The first step in this process is to linearly interpolate the mixture mass density p
between the old time and the new time. This defines the mass density and its time derivative
over the required time interval. The partial mass densities p< are also defined through eqn
(11). The volume fraction of the pore water can be computed by first assuming absence of
void so that cPr = I - cPl' The intrinsic mass densities are then computed from eqn (6). If
Pr ~ Pro, then void exists, and cPr is recomputed by using Pr =Pro. Next the pressures Pr
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and Psb are computed from eqns (53) and (54). Equations (27), (58) and (59) can now be
used to estimate a value for the elastic volume fraction of the solid, (f)se' In general this
value will not be equal to the stored value of (f)s' Because the solution procedure, eqn (27)
is not satisfied identically. These two values for the elastic volume fraction will be used to
compute one of the required derivatives by using the following relationship:

(99)

A small value of the relaxation time, is chosen so that (f)s and (f)se are approximately
equal throughout the calculation. It is not intended that eqn (99) have any physical
interpretation. It is merely a computational convenience.

If plastic pore collapse occurs, the required time derivative for the volume fraction of
the solid is computed by using inequality (75). In this case another evolution equation is
used so that

.5!.(cPs - (f)s) = - _1_(Psb - Ps - Olim)
dt ,OHm Ps

(l (0)

where OHm assumes values of -Oe and 0, as prescribed by eqn (75). The derivatives of the
two elastic strains are also computed by evolution equations similar to eqn (100) where
the limiting conditions are specified by the yield condition, eqn (71). The same value of r
is used in all the evolution equations. For the computations included in this work, = 1JlS
produced accurate solutions of the constitutive equations. Smaller values of! resulted in
identical solutions, but at the cost of additional computational time. The procedure is
completed by computing the required derivatives for the internal energies from the energy
balance relations (29) and (30).

In most wavecodes, artificial viscosity is used to "stabilize" the numerical solutions in
the neighborhood of shock waves. In the WONDY code this term has two parts: one is
linear and the other is quadratic in p. Both terms satisfy inequality (67). In these
computations, the sum of these terms is set equal to T:k • Ttj is set equal to zero. Thus the
effects of shock heating, which are introduced through this artificial-viscosity term, are
experienced totally by the solid.

6. RESULTS AND COMPARISON TO EXPERIMENT

In Sections 2 and 3 a model was developed for wet tuff. In Section 4, motivated by a
particular field experiment, a set of constitutive parameters were chosen. By using the
numerical procedure outlined in Section 5, stress wave calculations have been obtained
for that experiment. In this section, these results will be discussed and compared to the
data.

In the calculation a spherical charge of TNT is detonated at the geometric center or
"working point" of the problem. The charge is 0.51 m in radius. It is characterized by a
Jones-Wilkins-Lee (JWL) equation of state[21]. Wet tuff forms a thick hollow sphere
surrounding and in contact with the charge. It has an outer diameter of 20 m. This allows
computation to a 20 ms problem time before waves of significant amplitude can travel
from the working point to the outer boundary and return to the region of interest. Within
this time, this finite sphere of tuff approximates an infinite medium.

The gages fielded in the experiment are listed in Table 1. This table lists the quantity
measured by the gage and its distance or range from the working point. The leading digits
in the gage name indicate the bore hole into which the gages were positioned, and the
letters indicate the gage type; either fluid-coupled ytterbium (YFC), toadstool (TS), pancake
(PC) or accelerometer (AC).

It is instructive to first examine and compare the gage records independently of the
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Table 1. Field test gages

Gage Type Range (m)

lYFC Radial stress 1.70
2YFC Radial stress 2.03
4YFC Radial stress 2.SI
5YFC Radial stress 3.72
SAC Velocity 3.72
8YFC Radial stress 5.27
8AC Velocity 5.27
9TS) Radial stress 5.16
9PCI Hoop stress 5.32
9TS2 Radial stress 7,45
9PC2 Hoop stress 7.60
12YFC Radial stress 1.63
12AC Velocity 7.63

--IYFC

---- 2YFC

4YFC
---- 5YFC

Fig. 2. Field-test data collected at close range.

8YFC
---- 9TSI
------_. 9TS2

---- 12YFC

4 a 12 16 20

TIme (ms)

Fig. 3. Field-test data collected at long range.
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calculations. Figures 2 and 3 contain the data from the gages which measured radial stress.
In Fig. 2, four records of radial-stress measurements are compared over the first 2 ms after
detonation. The data appears consistent and gives a clear indication of the decay of the
stress pulse as it radiates outward from the working point. In Fig. 3 the remaining records
of radial stress are compared on a more compressed time scale. These data show more
scatter but with the exception of 12YFC, these records also fall along a common decay
curve.

Figures 4-9 contain comparisons of the calculation to these data. Considering the
scatter which is typical of data obtained from field tests, the comparisons are generally
good. The comparisons to gages 1YFC, 2YFC and 4YFC are exceptionally good.
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Fig. 6. Radial-stress comparison at 2.51 m range.

The late-time response of the calculations shown in Figs 8 and 9 have a greater
amount of ringing than the data. This is probably due to the omission of any physical
dissipative effects within the material response functions. The calculations also suggest that
gages 12YFC and 9TS2 should have recorded nearly identical data. As noted earlier,
12YFC did not conform with the other gage records.

Beginning with Fig. 7, the calculations also exhibit a weak precursor wave at the
lower leading edge of the shock front. This wave is a consequence of the transition of the
solid from a partially-saturated medium to a fully-saturated medium during initial crushing
of the solid matrix.
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Fig. 7. Radial-stress comparison at 3.72m range.
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Fig. 8. Radial-stress comparison at 5.16 and 5.27m range.
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Fig. 9. Radial-stress comparison at 7.45 and 7.63 m range.

Comparisons of the calculation to the accelerometer data are contained in Figs 10-
12. Again the comparisons are good with the exception of gage 12AC. This gage was
paired with 12YFC in the same bore hole. The peaks of both gages are under-predicted
by approximately 50%.

Comparison to the hoop-stress data is shown in Fig. 13. The gage record for 9PC2
suggests this gage went into a state of tension at 4.5 ms which could not be measured. The
peak loads are under-predicted in the case of9PC2 and over-predicted in the case of9PC1.
The calculation also predicts tension at both gage locations; however, 9PCl registered
only compressive loads.
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Fig. 10. Velocity comparison at 172m range.
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Fig. 11. Velocity comparison at 5.27m range.
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Fig. 12. Velocily comparison at 7.63 m range.

The calculation shows peak radial stresses of 10 GPa at the tuff-explosive interface.
The resulting stress wave rapidly attenuates, and by the time it travels 1m to the first
stress gage, its amplitude has diminished to approximately 0.9 GPa. After 2.5 ms the stress
wave has propagated about 6m and attenuated to O.06GPa. Figure 14 is a plot of the
computed radial and hoop stresses and the pore-fluid pressure vs Eulerian position at
2.5 ms. The development of a second stress pulse near the explosive cavity is evident. The
accelerometer SAC has moved to the 3.74m point where the second stress pulse is about
to intercept it. As illustrated in Fig. 10, this produces a small change in slope in both the
calculation and the gage record at 2.5 ms. The influence of the second stress pulse upon
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Fig, 13. Hoop-stress comparison at 5.32 and 7.60m range.
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Fig. 14. Pore-fluid pressure and solid-matrix stresses at 2.5 ms.
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the calculation is smaJl because of the hardening effect introduced into the solid description
through eqn (72~ While the total load is still high at this point, the configurational load
4t has dropped to a negligible value due to crushing of the pores followed by a partial
release. In calculations where hardening is ignored the influence of this second pulse
produces a prediction for gage 5AC which breaks to a nearly horizontal line at this point
in time.

The inclusion of hardening in this model is also motivated by another consideration.
Beginning a short time after detonation, the pressure within the explosive cavity was
monitored, and eventually mining operations exposed the cavity so that its final radius
could be measured. Both of these quantities are predicted by the calculation, and both
comparisons are in poor agreement when the hardening effect is ignored; for example, the
estimated cavity volume is twice as large as the measured volume. With the inclusion of
hardening the displacement of the cavity wall is estimated to be O.94m compared to a
measured value of O.86m, and the estimated cavity pressure is 21 MPa compared to a
measured value of 23 MPa.

After 17.5 ms little motion remains within the tuff, and the stress configuration
represents the long-term residual stress produced within the formation by the detonation.
Figure 15 contains plots of the radial and hoop stresses and the pore-fluid pressure at this
time. The stress cage is evident. An annular region of compressive stress is formed about
the cavity. Due to spring back of the formation, the peak compressive hoop stress is greater
than any other load at this time or at 2.S ms. In addition, void has been crushed out of
the formation to a range of 5.6 m from the working point.

For a period of days after detonation, water was observed to flow into the nearest
open tunnel. This flow was thought to result from the pressure gradient induced into the
pore fluid by the stress-cage effect.
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Fig. 15. Pore-fluid pressure and solid-matm stresses at 17.5ms.

7. SUMMARY

A theory for shock loading of wet tuff is derived. The theory is a generalization of the
P-a. model of Herrmann[15]. It contains an effective stress principle which differs from
the original principle of Terzaghi[I]. Under conditions of hydrostatic loading, this effective
stress principle corresponds to that proposed by Biot and Willis(3] and Nur and Byerlee[4}
Two important features of this theory are: the phenomena of dilatancy will occur whenever'
the shear modulus is specified as a function of the solid porosity; and the function linking
the porosity of a dry porous solid to the hydrostatic confining load, the "P-II. function",
is universal to all saturation and loading conditions.

Thermodynamics is also given careful consideration in this work. The material
response functions are linked to an equation-of-state or energy function, and the constraints
imposed by the second law of thermodynamics are derived. Thus the response functions
studied in this work describe material behavior which is continuous and either reversible
or dissipative.

Finally the model is tested against stress-wave data obtained by detonating a spherical
charge of TNT in a formation of partially-saturated tuff. It is demonstrated that good
representations of radial and hoop stresses as well as velocities and displacements are
obtained. The model is used to predict the formation of a residual stress pattern called a
stress cage. It is also used to predict the residual pressure field within the pore water.
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